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ABSTRACT
We prove that in every separable Banach space the o ideals of Aronszajn
null sets, Gaussian null sets and cube null sets coincide.

In order to prove Gateaux differentiability of Lipschitz mappings between Banach
spaces, various authors introduced, sometimes implicitly, different notions of ‘null
sets’ in separable Banach spaces. In all these cases, the null sets form a proper
o ideal of subsets of the given separable Banach space B and the differentiability
result says that Lipschitz mappings from B to Banach spaces having the Radon-
Nikodym property are Gateaux differentiable almost everywhere with respect to
it.

The first such results were due to Christensen [4] and to Mankiewicz [5]. By
showing that the differentiability result holds almost everywhere with respect to
non-degenerate cube measures, Mankiewicz implicitly introduced the o ideal of
cube null sets in B as the family of those Borel subsets of B that are null for
every non-degenerate cube measure. (Non-degenerate cube measures in B may
be defined as distributions of the random variables of the form a + >, Xiey,
where a,e1,ea,... € B, Y, |lex]l < oo, the span of e;,ez,... is dense in B,
and X are uniformly distributed independent random variables with values in
[0,1].) Christensen’s approach is based on the observation that the o ideal of
Haar null sets in an abelian locally compact polish group B may be defined
without referring to the Haar measure by: A Borel set E in B is Haar null if
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there is a Borel probability measure y on B such that every translate of E has u
measure zero. This statement may be therefore used as a definition of the notion
of Haar null sets in Banach spaces (or, more generally, in polish abelian groups).
The o ideal of Haar null sets in a separable Banach space clearly contains the
o ideal of cube null sets, and the inclusion is easily seen to be proper if B is
infinite dimensional. (For example, every compact subset of B is Haar null,
while supports of cube measures are compact and not cube null. See, e.g., {2,
Chapter 8].)

The next definition of null sets in Banach spaces comes from Aronszajun’s
attempt (see (1]) to give strong estimates of the size of points of Gateaux non-
differentiability of Lipschitz mappings. For any sequence ej, es,... € B he defines
Afey, eq,...) as the family of those sets E C B that can be written as a union of
Borel sets E,, such that each E, is null on every line in the direction e, (i.e., for
every a € B, \{t € R: a+te, € E,} =0, where ) is the Lebesgue measure).
The Aronszajn null sets are defined as those sets that belong to A{ej, ez, ...)
whenever the span of the sequence ey, eg,... € B is dense in B.

It can immediately be seen that the ¢ ideal of Aronszajn null sets is contained
in the o ideal of cube null sets. In addition, it has been observed by Phelps [6]
that it is also contained in the ¢ ideal of Gaussian null sets; the latter being
defined as the family of those Borel subsets of B that are nuil for every Gaussian
measure. (See also [2, Chapter §].)

It should be pointed out that the term ‘Borel’ in these definitions is essential.
For example, if it is omitted from Aronszajn’s definition, his ¢ ideal would no
longer be proper even in case B is two dimensional. Indeed, a classical example of
Sierpinski decomposes the plane (using the continuum hypothesis) into the union
of two sets, one null on every horizontal line and one null on every vertical line!
A similar paradoxical decomposition of infinitely dimensional spaces (using only
axiom of choice) has been used by Bogachev [3] to show that the definitions of
Aronszajn null sets and Gaussian null sets would trivially coincide if ‘Borel’ were
replaced by ‘universally Gaussian measurable’. However, it has been argued on
several occasions (see, e.g., [7]) that the problem of coincidence of these classes
should be answered for the original definitions. In this note we answer this
problem by showing that:

THEOREM 1: In every separable Banach space, the o ideals of Aronszajn null
sets, Gaussian null sets and cube null sets coincide.

It was mentioned that the o ideal of Aronszajn null sets is contained in the
o ideal of cube null sets and in the ¢ ideal of Gaussian null sets. We have to
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prove that for every Borel non-Aronszajn null set A there exist a non-degenerate
cube measure u and a non-degenerate Gaussian measure -y for which p(A) > 0
and v(A) > 0. We prove a slightly more precise result:

THEOREM 2: Let ey,e3,... € B be a fixed sequence with dense span in B and
A C B a Borel sct not belonging to Aley, ey, ...). Then there exist a cube mea-
sure p and a Gaussian measure y for which p(A) > 0, ¥v(A) > 0, and p and v
are the distributions of a + Y ¢; X;e; and b+ ) d;Y;e;, respectively, where ¢;, d;
are positive real numbers, Y ||cie|| < 00, ¥ ||die;|| < 00, X, are uniformly dis-
tributed random variables with values in [0,1], Y; are standard Gaussian random
variables, and all the variables X;,Y; are independent.

Definition 1: A system ej,¢e2,... € B, €e],e3,... € B is called orthogonal if
lle:ll = 1, (e}, e;) = &;; for every i, j, and the span of the sequence ey, ey, ... is
dense in B.

LEMMA 1: Ifthe span of a sequenceey,es,... € B is dense in B, then there exists
an orthogonal system fi, f2,... € B, f{,fs,... € B* for which (|2 ker f} =
{0}, and the linear spans of e, ey, ... and fi, f2,... are the same.

Proof: Let g},g5,... be non-zero elements of B* for which sup,(g;,z) = ||z||
for every z € B. Then (2, ker g} = {0}.

We can define f;, f; by induction such that || f;|| = 1, (f}, f,) = 6;; for every
i,J, for every i there exist j, k and ! such that e; € span(fi,f2...f;), fi €
span{ej,es...ex) and g € span(f},f;,...f’). Then we have (2, ker f} C
N2, kerg; = {0} W
Definition 2: Let ej,eq,... € B, e1,e3,... € B* be an orthogonal system such
that N0, kerel = {0}, and let I, = [an,bn] C R be an enumeration of the

rational intervals. For every sequence s def (s1,82,...,8c) we define
def . .
Cs = {zeB:{ef,x)el, i=1,2,...k},
and for every Borel set E and for every z € B let
def
Tz(z) = {{r1,72,...,7%) € RF: 2+ i€ + 19ep + -+ + Tkex € ENCGs}.

It is easy to see that the sets T%(z) are Borel and hence we may also define a
function f§: B — R as follows:

fo(z) € NTE(x)).
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LEMMA 2: For every closed set E and for every ¢ > 0 the set {z: fg(z) > c} is
closed.

Proof: Suppose that i, s, ... is a sequence tending to z, and f3(z,) > ¢ for
every n. We have to show that f3{z) > c.

If for some (r1,72,...,7%) we have (e}, z,+rie1+roea+- - -+1rex) = (€F, o)+
r; € I,,, then r; is in the interval I, (e}, z,) of length at most |I,,|, and z,, — z,
thus T, % T%(z,,) is contained in a fixed cube of R* if n is large enough. Since
MT.) > ¢ we have A(limsupT,) > c¢. Now it is enough to show that for every
(r1,72,...,7%) € limsupT, we have z + rie; + roes + -+ + reex, € ENCs,
and this is immediate because there exists a subsequence z,,,zn,,... for which
Zn,, +7161 + 1202 + -+ e € ENCy and the set ENCs is closed. |

COROLLARY 1: For every Borel set E and for every sequence s the function f5
is Borel measurable.

Proof: According to Lemma 2 this is clear for every closed set E. If E; C Ey C

- is an increasing sequence of Borel sets, then the function f=_ g, is a limit
of the functions fg . Similarly, if By D E; D --- is a decreasing sequence then
ffi;";l g, is a limit of the functions f% . Since every Borel set is obtained from
closed sets by countably many increasing unions and decreasing intersections, and
since limits of Borel measurable functions are Borel measurable, the function f3
is Borel measurable for every Borel set E. [ |

Definition 3: For every Borel set E, every s = (s1,52,...,8) and for every
non-negative real number ¢ we define the set E¢ by induction, as follows.
If s =0, we let E%¢ e B Iffors* = (s1,82,...,8k_1) and c the set ES ¢ has

been defined, then let
def i
E** E {z € BV fi..(z) 2 ][ 1.1}
i=1

Remarks:
(1) If E*"¢ is closed, then applying Lemma 2 we infer that the set E%¢ is also
closed. Hence if E is closed then all the sets E®¢ are closed as well.
(2) By a similar argument, from Corollary 1 we get that the sets E®¢ are Borel
for every Borel set E.
(3) If E; C E; and ¢ > d, then E$° C E§¢.

LeEMMA 3: Suppose that 1 <[l < k, 21,25 € E*1%2-51€ gnd

z1 — I € spanfey, €z, .., €41).
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Then z, € E%¢ if and only if x4 € E3°.

Proof: If 1 — x5 € span(e1,€a,...,€m41), 58Y X1 = To + t1e1 + toey + -« +
tmt1€m+1, and x, g € E°192°m¢ for some | < m < k, then

T; +riey Froe + -+ Trpy1€myl =

To + (?"1 + tl)el + (7‘2 + t2)62 +--- 4+ (Tm+1 + tm+1)em+1,

thus the sets Tgu;2y. vne (1) and Tgiss, mts (z2) are translated copies of each
other. Hence these sets are of the same measure with respect to A, that is,
z; € Es1s2sm41€ if and only if zo € E*1%29m+1¢ By induction we have that
z; € B3¢ if and only if 2z, € E3°. |

COROLLARY 2: Ifz € E°¢ then f§,.(z) > 15, | L ]-

Proof: Applying Lemma 3 for [ =k — 1, we have
The(z) = Thuec(2),
thus
k
[ooe(@) = fpwc(@) 2 e[ [ el @
=1

LEMMA 4: If for a sequence s1,s3,... and ¢ > 0 we have ) |I5,| < oo and the

oo
ﬂ E8152~-~skc
k=1

is non-empty and closed, then there exists a non-degenerate cube measure y for
which u(E) > 0.

intersection

Proof: Let
a€ ﬂ Be¥p
k=1

Now, we have

ﬂCs ={a+ szeki (ex,a) + 7k € 15, }-
k k

Indeed, one of the inclusions is trivial, and the other follows from [\ ker e = {0}.

Let

def

S, = {a+y € E*%: y € spanfey,ea,...,ex)}.
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Applying Lemma 3, we have S; C (], E*¢ for every [, and since F is closed,

F> ﬂ(Sk + span(ek+1,ek+2, )
k

holds. Since A(Sx) > CI-[:;I |1y, |, we have j(Sk + span(egyy, €xs2,...)) > ¢ for
the cube measure . determined by (), Cs, i.c. for the distribution of

(a—ch, +ZX|I.‘||0,
k

where X; are independent random variables of uniform distributions with values
in [0, 1]. Thus we obtain u(F) > c. ]

LemMmMma 5: If E; C E; C --- is an Increasing sequence of Borel sets, E C
U2, E.., and ¢ > d, then for any s

n=1

le o)
e Bt
n=1
If Fy D F; D -+ is a decrecasing sequence of Borel sets and F = (., F,, then

for any ¢ and s
o0

Fe = (| F3°.

n=1
Proof: We prove the statement by induction with respect to the length of the
sequence s. Clearly E®¢ C |J, E2¢ and F% = (N F2¢. Assume that E®'¢ C

U,E$ ¢ and F* ¢ = N, F¥¢ for a given s* def (%1,82,-..,8k—1). Then for
s = (81, 82,...,Sk), we have
T2 ( U B 4 () and Tp,..(z) = ﬂ T;:-c(f)

for every T € B, thus
8 < lim f8,. and 8 = lim f3..
fbu c = nll fb: d fFl < ll fp; <y

where the sequence f3,., is increasing and the sequence fg,.. is decreasing. By
n n

this we have
e o]

E*“C G EX and F*=()F° &

n=1 n=1
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LEMMA 6: For every sequences = (s1, S2,. .., Sk ), for every positive real numbers
€ and 1 > ¢ > d, and for every Borel set E we have

Een( | ES € Alern).
o:|ls|<e

Proof: Let C be defined as the set of the points z € E®€ for which (e ,,z) is
not a Lebesgue density point of the e ; image of the set

E*°n (.’E + span(ela €2y 7ek+1))7
i.e. not a density point of the set
M, ={r: 3y, =z +rie1 +roea+ - + 116641 € E°C, (32+1,yr> =r}.

Applying the Lebesgue density theorem, we immediately see that C is null on
every line in the direction ey1, therefore we have to show that for every z €
E*¢ . C there exists a o for which z € E®9)4 Indeed, since Remark 2 shows
that the set E%°>(U,. 1, <e E®9)9) is Borel, it would then belong to A(ex41).

Since (ef,;,z) is a density point of M, and % < 1, it can be covered by an
arbitrarily small rational interval I, such that the measure of the points of the
interval that belong to our set is at least %|10|, that is, there exists a o such that
(€f+1,2) € Lo, |1,| < €, and the measure of the set

{rel,: 3y, =z +rieg+roea+ -+ rpprepq1 € E°°, (e, ur) =7}

is at least %lIa|. We fix siy1 = 0. Now, for every fixed r from the above set
(i.e. for every fixed ry1) we choose the corresponding y, € E®¢, and applying
Corollary 2 we have

k
fooe(yr) 2 e[
i=1
This means that the measure of the set
{(t1,t2,...,tx) ERF: gy, +t1es + toey + -~ + trex € E*°NCs}
is at least cI_If:1 |Z5,]. Thus the measure of the translated copy
({1, t5,...,t5) ERF: z +tler +t5ea + - +thek + Theiekt1 € E*°NCs}

is at least c]_[f:1 |I5,|, and the Fubini theorem gives that the measure of the set

{515, ..., th Tis1) € RFTL mrtler Hjea+- - Htper+Trs1€h41 € E*°NCe 0}



198 M. CSORNYEI Isr. J. Math.

is at least cnle \L,| - 41, | = d[]t |Is,]- This set is a subset of

=1
{5, 85, th,Thar) € RFTL b tle +5ea+ - +Hhex+risrersr € E*4NCis ],

hence we have
k41

fo(@) 2 d[] I,
=1

that is, z € E®9)4 a5 required. [ |

LEMMA 7: For every Borel set A & Aley,eq,...) and for every 0 < b < 1 there
exist a closed subset F' C A and a sequence of integers s, Sz,..., such that
|I,,] < 1/2¢ and the intersection (), F**>"** is non-empty and closed.

Proof: Tt is enough to show that there exists a closed subset ' C A for which
(i F5¢ # 0; because according to Remark 1 all the sets F°° are closed, the set
N F°° is automatically closed.

It is a standard fact that for every Borel set A there exists a decomposition
A =, Nk Fring--n, such that

e the sets Fi pn,..n, are closed;

¢ Foingeonie D Fryng i

® Fringomy C Fn1"2"'nk—1("k+1);

e the sets Anyny-n « U N Fring--ngmyms..m, are Borel.
Indeed, writing F' as a one-to-one continuous image of a closed set Z of sequences
of integers, it suffices to define F}, ,,...n, as the closure of the image of Z, n;...n,
(which is the set of those sequences from Z whose i-th term is at most n; for
i < k), and to observe that A, ,,...n, is the (one-to-one continuous) image of
Zpyng-ny, 50 it is Borel. (A direct proof observing that the statement is trivial
for closed sets and that it remains true after countable unions and intersections
is also possible.)

Since applying Lemma 6 we have E®¢\|]J_. I, <e E®9d € A(exy) for every
Borel set E, ¢ > 0 and 0 < d < ¢ < 1, there exists an a € A such that for
every rational € > 0 and 0 < d < ¢ < 1, and for every possible s, 2,...,5% and
n1,N2, ..., Nk,

ag A, N | AN
o:|l,|<e
holds. We choose a sequence of rational numbers 1 > rg > 7y > 10 > -+ > c.
Now,

CLGAZUAnl = Jni:a € A, = AP0

ny !
ni
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a¢g A?L’l”’ ~ U AT = 3s1: |I,| < 1/2 and a € 471,
s1:ls,1<1/2

L 5
nln2 /‘Anl emma Asl ™ UAsl Ta Ingia € AS1 72

ning n1n?

a g Al72 N U ASL2T3 — syt |I,,| < 1/4 and a € AJL52T3,

1N n1N2 ning
s2:|lsy|<1/4

Lemma 5
Aningns /" Anyng ARa C LJASIS2 e = dnzra € ApL2T

ninz TIN2n3 ninzns’

Following this procedure (and applying Remark 3) we have
a€ ﬂAglj,;; s,
and
NawssscNrmascr
k
where

def
n Fnlng Nk

Now it is immediate that F is a non-empty closed subset of A, and, in view of
Lemma 5, property F,,, D Fpiny, D - implies

mFSc = m(ﬂ Fnlngu.nl ﬂnFslcn2 Ny i
k1

k

LEMMA 8: Letey,éq, ... be a sequence of positive numbers for which ), €, < 00
and 0 < €, < 1 for every n. If A C [[2,[en, 1] has positive Lebesgue measure in
[0,1]N and u is a measure in RN for which p([]>~,[0,€,]) > 0, then there exists
at €[0,1)N such that for the measure p(X) & u(X +t) we have pe(A) > 0.

Proof:
/ e (A)aA(t) > / XAt (W)dp(u)dA(t)
[0,1]N (0,1 J{0,1]

B /[0,1]N /[0,1]N Xa-e(w)dA()du(u)

- /[0,1]" /[0,1]N Xamul DALY

= / A(A=w)n[0,1]N)du(u)
(0,1}

> / A((A = u) N [0,1]%)dp(u)
H[Oﬁn]
= w([J10,en)A(4) >,
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thus there exists a t for which u(A4) > 0. |
Now we are ready to prove Theorem 2.

Proof of Theorem 2: If {e;} and {f;} are two sequences such that each e; is in
the linear span of finitely many f;’s, then A(ey,eq,...) C A(f1, f2,...). Hence,
if a Borel set A does not belong to A(f1, fo,...) then applying Lemma 1 there
exists an orthogonal system ey, ey,... € B, e},e3,... € B* such that the linear
spans of ey, ez, ... and fi, fa,... are the same and A & A(ej,e2...).

Now, applying Lemma 4 and Lemma 7 we have a non-degenerate cube measure
u for which p(A) > 0 and it can be seen from the proofs that u is the distribution
of a random variable of the form a+ ) ¢; X;e;. Since each f; is in the linear span
of finitely many e;’s, for numbers ¢ small enough the support of the distribution
of (a+ Y icie;) + Y c; X;f; is contained in the support of the distribution of
a + Y ¢;X;e;, moreover, applying Lemma 8 we have u*(A4) > 0 for the cube
measure £* which is the distribution of a* + 3 ¢} X, f; with a suitable point a*
and small numbers c;.

Finally, applying Lemma 8 again we can choose very small numbers d; and
point b such that y(A) > 0 for the distribution of b + 5 d;Y;f; (where Y; are
independent standard Gaussian variables). |

Remark: In the spirit of [1] and [5] it would be natural to state and prove
our results in Fréchet spaces; this would require only obvious minor changes
in the arguments, since for our purposes cube and Gaussian measures may be
defined, e.g., as distributions of a.s. convergent sums a + > X;e; (where X; are
independent [0, 1] valued uniformly distributed random variables) and a+ > Yie;
(where Y; are independent standard Gaussian variables), respectively.
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